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Abstract
New diverse enormous soliton solutions to the Gross—Pitaevskii equation, which describes the
dynamics of two dark solitons in a polarization condensate under non-resonant pumping, have
been constructed for the first time by using two different schemes. The two schemes utilized are
the generalized Kudryashov scheme and the (G’/G)-expansion scheme. Throughout these two
suggested schemes we construct new diverse forms solutions that include dark, bright-shaped
soliton solutions, combined bright-shaped, dark-shaped soliton solutions, hyperbolic function
soliton solutions, singular-shaped soliton solutions and other rational soliton solutions. The two
2D and 3D figure designs have been configured using the Mathematica program. In addition, the
Haar wavelet numerical scheme has been applied to construct the identical numerical behavior
for all soliton solutions achieved by the two suggested schemes to show the existing similarity

between the soliton solutions and numerical solutions.

Keywords: Gross—Pitaevskii equation, generalized Kudryashov schema, (G’/G)-technique,

soliton solutions, numerical solutions

GPE
Generalized Kudryashov scheme GKS
Haar Wavelet Numerical scheme HWNS

Gross—Pitaevskii equation

1. Introduction

Generally, according to the soliton theory, the soliton is a
solitary wave that has constant shape and speed that can be
realized by cancelation of the nonlinear effect and the dis-
persion effect [1-5], for example, the static and dynamic
characteristics of polarization Bose—FEinstein condensates.
This can be done through experimental studies of coherent
nonlinear dynamics [6—11] in which these properties can be
represented by the Gross—Pitaevskii equation, which is one of
the forms of the nonlinear Schrodinger equation. The study of
the soliton in polarization condensates is among the hottest
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topics and aims to obtain novel scenarios in which the com-
bined effects of dissipation and nonlinearity on the nonlinear
phenomena will disappear with an emphasis on capturing the
non-equilibrium nature of the soliton with no analog in the
static counterpart [12-21]. A number of dark solitons created
by non-resonantly pumped excitation in a polarization con-
densate appear as the result of a moving defect that is
dependent on the pump power [16]. The dynamics of two
dark solitons in a polarization condensate under non-resonant
pumping that can be described by the Gross—Pitaevskii
equations coupled to the rate equation was first investigated
theoretically [22]. The exaction polarization Bose—FEinstein
condensate in semiconductor micro cavities has been con-
sidered a novel platform to date, and has been the focus of
major studies in nonlinear physics [23-26]. In this field of
study, there are recent articles that discuss other nonlinear
problems arising in various branches of physics, see, for
example, Tariq et al [27] who applied three analytical
approaches, namely the new extended hyperbolic function
method, the modified extended tan hyperbolic function
method and the new (G’/G?)-expansion method, to derive a
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variety of new multi-soliton solutions structures, in the form
of dark, multi-bell shaped, singular bell shaped, trigono-
metric, hyperbolic and rational functions, to the coupled
nonlinear  (1+41)-dimensional Drinfel’d-Sokolov—Wilson
equation in dispersive water waves, which is used to describe
a nonlinear surface gravity wave propagating over a hor-
izontal sea bed. Tariq et al [28] employed the extended
modified auxiliary equation mapping approach and the
(G'/G?)-expansion method to study the Sharma-Tasso-Olver
model. which characterizes the dynamical propagation of
nonlinear double-dispersive evolution dispersive waves in
heterogeneous mediums, and found that the model supports
nonlinear solitary waves, periodic waves, shock waves and
stable oscillatory waves. Using a set of appropriate para-
meters, Badshah er al [29] studied the anticipation of a
bilinear Korteweg—De Vries (KdV) model known as the
(141)-dimensional integro-differential Ito equation, which
depicts oceanic shallow water wave dynamics using the
(G'/G?*)-expansion approach, and the Adomian technique to
acquire a variety of novel configurations for the governing
dynamical model and established a collection of options for
bright, dark, periodic, rational, and elliptic functions. Badshah
et al [30] obtained some traveling and semi-analytical solitons
to the extended (24-1)-dimensional Boussinesq model, which
describes the propagation of waves with small amplitudes in
shallow water propagating at a constant speed through a
uniformly deep water canal using the Hirota bilinear techni-
que, and established the bilinear structure of the governing
equation. Ay and Yasar [31], who studied the (2+1)-dimen-
sional Chaffee—Infante equation, which occurs in the fields of
fluid dynamics, high-energy physics, electronic science etc,
built the Béacklund transformations and residual symmetries in
nonlocal structure using the Painlevé truncated expansion
approach, delivered new exact solution profiles via the com-
bination of various simple exact solution structures and
acquired an infinite amount of exact solution forms metho-
dically. The exaction—polarizations have a finite lifetime as
the result of the imperfect confinement of the photon comp-
onent, and they must be continuously re-populated and,
hence, they lie between equilibrium Bose—FEinstein con-
densates and lasers. We are interested in the Bose—Einstein
condensates due to the non-resonant pumping created in a
wire-shaped micro cavity similar to [32, 33], which bounds
the polarities to a similar-dimensional channel. The con-
densate order parameter function i(x, f) denotes, from the
point of view of mean field theory, the driven-dissipative GPE
connected by the density nR(x, f) of reservoir polarizations
[22] as follows:

— K2
1Al = —W, + grmr¥
2m

+ %(RHR 0T+ g, (TP,
(ng);y =P — (g + R |V P)ng, (1)

where m is the relativistic mass of inferior polarizations; P is

the level of an off-resonant continuous-wave thrusting; , and
v describe the lifespan of the condensate and tank polar-
izations, respectively; R is the wave rate of scattering process
of reservoir polarizations into the condensate; and g. and g
describe, respectively, the interaction coupling of the non-
linear interaction strength of polarizations and the interaction
strength between reservoir and polarization. Note that the
parameters g., g and R have been rescaled into the one-
dimensional case by the width d of the nanowire thickness

8¢ g — 8r R — R
V2md’ K V2md’ \27d
By differentiating the first part of equation (1) with
respect to the time we get

such that g. —

2
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When the second part of equation (1) is substituted into
equation (2) we get
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Let us now consider the complex transformation
W(x, 7) = u(Qe),
C=kx+wr,
n=qx + 6T + U, 4

where u(n) is the wave amplitude, while 7 denotes the phase
amplitude, where k, 9y, w are, respectively, frequency, phase
constant and wave number. Simply from equation (4), we can
construct the following relations

U, = (ku! + iqu)e"®n), &)

U, = (—q%u + 2ikqu’ + k*u")en®n (6)
Uy = —wq*u' — i6q°u + 2ikqwu”

— 28qku’ + k*wu"' + i8k*u"en™) 7

U, = (wu' + i bu)en™n), (®)

U, = (—6% + 2idwu’ + w2u")en>m), 9

U2 = u2. (10)

When the relations (5)-(10) are substituted into equation (3),
which is dimensionless and # = m = 1, and the real and
imaginary terms separated, we get
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Figure 3. The 2D and 3D soliton solution behavior of ||
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Figure 4. The 2D and 3D soliton solution behavior of equation (30) with the values given in equation (27).
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Figure 5. The 2D and 3D soliton solution behavior of equation (31) with the values given in equation (27).
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Figure 7. The soliton solution behaviors of equation (42) with the values given in equation (38) and ), = 1, , = 2.
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Figure 8. The soliton behavior of equation (43) with the values given in equation (38) and [, = 1, [, = 2.
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Commun. Theor. Phys. 77 (2025) 035004

E H M Zahran et al

Rewy

n
-

Figure 10. The soliton behavior of the Real (Re.) part of equation (49) with the values given in equation (46) and [; = 1, [, = 2.
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Throughout this study we will use the GKNS [34-37]

/

and the (%)—expansion scheme [38-40] to extract new

soliton concepts for the proposed model that have not been
described before.

2. The GKT-concept

To discuss the Generalized Kudryashov Technique (GKT)
concept, we will investigate the formalism of the nonlinear
partial differential equation (NLPDE) by supposing the
function E of u(x, 7) and its partial derivatives as

E(u, uy, Ur, Uy, Urr,...) = 0. (13)

When we apply the transformation u(x, 7) = u((),
¢ = kx + wr, where k, w are, respectively, the wave number
and traveling wave speed to equation (13), it will be replaced

by the following ordinary differential equation

RW, u",u",..)=0, (14)

in which R is a function of u (x, 7) and its total derivatives. The
proposed solution of equation (14) according to the GKM is

SN aiPi(©) _ ao+ aP(Q) + aPXO) ...
Z?iobjpj(o by + biP(C) + bP2(() + ...
(15)

u(C) =

where the parameters g;, (i =0,1,2,...,N) and b, (j =
0,1,2,...,M) will be determined later such that ay = 0,
by = 0, while the function P (() is the solution of the second-
order nonlinear equation. The solution for the real part with
balance number M = 1 is

dP(Q) _ pomy _
T P() — P(O. (16)
By integrating equation (16) we get
1
P(Q) = TT o 17

Here, C is the integration constant. We will implement this
method to the real part and the imaginary part individually.

2.1. For the real part

When one applies the balance rule between u”’, u?u’ appears

at equation (11) he will obtain M = 1, =N = 2; thus, the
solution is

ap + aP(Q) + 6121’2(0.
by + biP(Q)

u(C) = (18)
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By inserting u", u?u’, u, u® into equation (11), setting
the coefficients of various powers of Pi(() equal to zero, a
system of equations for the required unknown parameters will
be explored from which we get 24 diverse enormous results;
for similarity and simplicity, we will choose one of these

results, which is

Rg.n
w — — SR R,a0—>0,b0—>0,
3g.
—2Pg gp + Rog.ng + 2k2RanR + 2g.8rMR Vg
- 9
c 5&
3k6g, + \9K?6%g2 + TK*R>gin — AR%Sgint — 2R’gng
- 9
Rgrng
ap Jg_c

ay — —ay, by —
g (19)

Let us now design the 2D and 3D graphs of this solution
that can be simplified to

C:é:R:gC:gR:'yR:nR:k:P:azz],
a():O,al:—l,b():O,blzl,

w=-03,7=3,¢=3+/10. (20)

a0_>0,b0_)0,70_>

Re W(x, 7) = _el( ) Neos@@x 4 7400, @)
el=37) + 1
(X*lT
—€ 3 .
Im¥(x, 7) = 1 sin(6x + 7+ 0.1).  (24)
e( 3 ) +1

2.2. For the imaginary part

When one applies the balance rule between u”, u? appears at
equation (12) he will obtain M = 1; thus, the solution is

ao + aP(Q) + azPZ(C).

O = T PO

(25)

By inserting u”, u3, u’, u into equation (12), setting the
coefficients of various powers of P!({) equal to zero, a system
of equations for the required unknown parameters will be
explored, from which we get 14 diverse enormous results; for
similarity and simplicity, we will choose one of them,
which is

—66as g, + 3R*aing + 2Rwblng

—4w?b} —

2Wb]2

2k2%6b} + 2§a22gc — R%a}ng

q—)

dkwb

s

—16w*6h,* — 48k>w28%b) — 4k*6%b,* — 32k*w2baiblg, + 16w6%aiblg,
+8k26%a;bi'g, — 46%ay g + 16k°R*w?a; bing — 8R*w26a; bing — 4k>R*6%a; bl ng
—|—4R252a24gcnR — 32k2w26b14anR — R%*as'ng + 16kRw?b,* ngyg

16k2Rw?b;*

a) — —dj.

The solution according to these parameter values is

w (o = ==, 1)
e + 1
—el37) i(6x-+7+0.1)
U(x, 7) = | ———— [e! @70, (22)
e( ~47) +1

(26)

Let us now design the 2D and 3D graphs of the chosen
result that can be simplified to
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The solution according to these parameter values is

_e¢
(@) = ———, (28)
e + 1
_ alx+1) e
U(x, 7) = e el(Tsx+‘r+0.l)’ (29)
eX+7’ + 1
Re U(x, 7) —ertr) (_5 0 1) (30)
eWx,7)=|———|cos| —x + 7+ 0.1},
e+ 41 4
—e ) ) . (-5
Im\I/(x, T) = W Sin (T.x + T + O.]). (31)

3. The (G’/G)-expansion scheme

This scheme proposes the solution of equation (14) to be in
the form
M i
u<n>:A0+ZA,-[E],AM =0, (32)
i=1

where M is the balance number. The function G ({) achieves
the second-order differential equation G” + uG’ + A\G = 0
that has three types of solution depending on the discriminate
of this equation, which has one of these cases:

(D If 42 — 4X = 0, then the solution is

g’) B Ju2 — 4x
G) 2

I
-5 (33)

(ID) If > — 4X\ < 0, then the solution is

() 7o
[ e P55

2
)<+ L Sm(uzu]g

—11 sin

( 12— 4\
I cos| —
2

¢ + 1, cos

i
K 34
5 (34)
() If ;> — 4\ = 0, then the solution is
!
(Q) S PR (35)
G h+ L 2

Let us now apply this concept for the above real part and
imaginary part of equations (11) and (12), respectively.

3.1. Solution for the real part with balance number M = 1

Gl
u(Q) = Ay + A](E). (36)

2y', u, ¥ and inserting in equation (11),

I\i
setting the coefficients of various powers of (E) equal to

By computing u"’, u

zero, a system of equations for the required unknown para-
meters will be explored, from which we get unique result,
which is

A

Ao(Bk*wAq + RA} gpng)
— b

3k2wAL
6k>wAg + RA[ gpng

w—

6 —

3k2WA1
—9k2qw? — 18k?wgung + TR?A{ ging

b}

18k2w (kg + 2w)

)

36k Pqw’gy + T2k*Pwigy + 9k*q>Rwng + 18k*Rwigpng — TK2R*wA, ganji

—4qu3A16g1§n,§ — 8R3wA16g1§n,§ — 36k gw3gpnryr — T2k*w3gpngy

Ve —

8¢

k2w (9k2q*w? + 18k*w2gzng — TR?A gang)

k2

— 7
A

(37
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This result can be streamlined to the following values

gR:k:R:AIZW:’YR
:AOZP:q:nR:gCZI’
4 7 2 10
)\:_’ = c:_,é - 38
3 : 3 b 5 27 G

from which we have p? — 4\ = 1 > 0, which implies the

!
form equation (11) for (%) cases is

Iy sinh(+)¢ + b cos h(+)¢
(ol emn)e) 1
6

)2

6|4, cosh(%)(—klz sinh( )g

A—

Let us now design the 2D and 3D graphs of

equations (42) and (43)
3.2. The (G/G)-expansion scheme for the imaginary part
As we noted before, the balance number for imaginary part

equation (12) is M = 1; hence, the solution is

u(Q) = Ao + Al(%). (44)

By computing u”, ', u, u? and inserting in equation (12),
I\i

setting the coefficients of various powers of (E) equal to

zero, a system of equations for the required unknown para-

meters will be explored, from which we get three different

results; for simplicity we choose the first one, which is

4quAO + 4W2A0 + 2k2(5A0 + PRAl =+ q26A1 + 2(52141 + 2(5A1 anR — RA[ nR’}/R

22kgw + 2w? + k26)A}

2 2
_}ﬂ,gc_)4kqw+4w +2k6+RA1nR,’yc—>RnR. 45)
A 20A7
1 sin h( ) ¢+ cosh ( ) ¢ ; This result can be streamlined to be in the form
wQ=1+< % —k=R=A =w=
6 llcosh( )C—f—lzsmh( )( 6 Sg=Kk=R=4A4=W="R
:AOZP:qzéan:’yLzl,
lllsmh( )C+lzcosh( )C—l o) )\—%7/4:27&212—1, 46)
6l 4 cosh( )§+ I smh( )(
. from which we have p?> — 4\ = —2 < 0, so the solution
_ /
Yo7y = from (%) point of view equation (12) is
[; sin h(é(x + T)) + [, cos h(%(x + T))
X " : . -1 T sm( )CJrlz cos(f)g
[y cos h(g(x + T)) + [ sin h(g(x + 7')) u@) = ﬁ : , (47)
] llcos( )C+lz sm( )C
X el(x— %T-’-O.l)’ (41)
ReW(x, 7) = — U(x, 7) = —
’ V2
[sin h(1(c+ 7)) + heosh(t0x + 7)) ) —11 Sm(-< ) 4, COS(qxg))
1 . 1 X
X €OS (x - %T + O.l), 42) x el t7+0.1) (48)
e ReV(x, 7) = _—1
[; sin h(é(x + T)) + 1, cos h(é(x + T)) ‘/5
X 1 1 — 1 _ll Sin(l(x+r)) —|—l COS(I(XJ%T))
[} cos h(g(x + 7')) + [, sin h(g(x + 7')) X ( :r : 5
1(x T 1(x T
. 10 ) llcos( Nl )—i—l sm( = )
X sm(x — ET + 0.1). 43) X sin(x 4 7+ 0.1), 49)
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Figure 11. The soliton behavior of the Imaginary (Im.) part of equation (50) with the values given in equation (46) and ; = 1, , = 2.

Im¥U(x, 7) = L

V2

-1 sin(i(x%) + [ cos (%)

I cos (%) + [, sin (%)

x cos(x + 7+ 0.1).

(50)

4. The algorithm of HWNS

The wavelet is considered as one of the powerful and fast
evolving methods to obtain a numerical solution of ordinary
and partial differential equations with increasing applications
in physics and engineering problems. The development of the
Haar wavelet in the construction of the numerical solution
started in 1997 when Chen and Hsiao [41] introduced an
operational matrix of integration to solve the suggested
models of dynamic systems. They suggested the notation of
expressing the function corresponding to highest derivative of
a differential equation as a Haar wavelet series. Lepik [42-44]
introduced the Haar wavelet numerical scheme with a uni-
form grid for the solution of differential, integral, integro-
differential and fractional integral equations. As a vital part of
this work, we attempt to extend this method to examine the
results for higher order nonlinear boundary value problems
with semi-infinite or infinite domain, thus making the method
more useful in real-world applications.

4.1. Haar wavelet functions and their integration

The Haar wavelet functions [45] are given as

1; for t € [vy, vo]
—1; fort € vy, va]
0; otherwise

hi(t) = &1y

This is considered as the simplest wavelet function in the

structure of building basis functions because it uses only two

operations, translation and dilation.
k+ 0.5

With v = 5, vy = , 3= 1 the integer
m m m

number m = 2/; j =0, 1, 2, ..., J indicates the level of the

wavelet (dilation parameter); and k =0, 1,2, ...,m — 1 is

the translation parameter. The integer J is the maximal level
of resolution; the index i is computed from i = m + k + 1,
which has minimum value i = 2(m = 1, k = 0), for which
the Haar function is called the mother function, and maximum
value i = 2M, M = 2’ the index i = 1 corresponds to the
scaling (father) function:

hl(t)—{l; f0r0<t<1. 52)

0; elsewhere

The following relations according to [41-45] are
important to introduce

PO = [} hi(odx;
Qi) = [} p(x)dx;

Ri(t) = [ Qi(x)dx. (53)

Integrating the Haar functions with respect to ¢ from
0 — x, we can obtain the following important special rela-
tions:

t— vy fort €[y, 7]

pi() =qvs—t; fort€ vy, vsl, (54)
0; elsewhere
0; fort € [0, v]
(,,2,,])2; for t € [v1, 1]
Qi = ﬁ - (VS;Z)Z; for t € [va, v3] &9
417, SJort € [vs3, 1]
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0: fort € [0, 1]
N3
o o . (56)
e A TN
t— v
TZZ; fort € [vs, 1]

4.2. Haar wavelet functions and collocation points [41-45]

Since the numerical solution is computed first at discrete
points, in this case called collation points, to find the solution
of the differential equation we discretize the equation in Haar
functions £;(¢) in the following manner.

Firstly, we will divide the interval ¢ € [0, 1] into 2M

parts of equal length A(r) = ﬁ, then we compute the col-

location points from

[—-05
oM
Any function ¥ (¢), t € [0, 1] can be written as

h= (57)

M
V() =Y aihi(t) = athy(t) + axhy(D)+ ... +anhou (1),
i=1

(58)

where «; denotes the Haar coefficients. Multiplying
equation (58) by h,,(t), and integrating from 0 — 1, one
obtains

1 M
j; w<r>hm<r>dr=ai; j; hi(t) by (1),

And from the orthogonal property, we get the coefficients q;

fl hi(t)hm(t)dl = {2j; lfl = I’I’l:>
0

0; ifi=m

[a,- — i fo 1 w(t)hm(t)dt]. (59)

12

Satisfying equation (58) at collocation points

M M
V) =Y aihi(m) = a; X,

i=1

(60)

i=1

which can be written in matrix form = = aX, where = and a
are 2M vectors and X = X;; = h;(t;) are the coefficients
matrix with dimension M x 2M).

4.3. The numerical solution using the HWNS corresponding to
the exact solution derived by GKS (real part)

It is a vital aim in this work to construct the numerical

solution corresponding to the analytical soliton solution
/

obtained by GKS and the % -expansion scheme to show

the reliability of the obtained analytical soliton solutions.
Consider the real part of equation (11) with values

6:R:gC:gR:’YR:nR:k:P:1’

w:%l,%:3,q:3+m. 61)
This can be written as
%u”’(C) + u'(Q) + W'(Qu*(Q) — u(Q) + u*(Q) =0, (62)

whose exact solution derived by GKM is equation (21),
which has the following initial conditions
u(0) = 1 u'(0) = 1 u”(0) = 0. (63)
2 9 4 9

According to HWNS, the solution of equation (62) is put in
the form

M
u"(¢) = aihi(Q).

i=1

(64)

By integrating equation (64) three times w.r.t. { from 0 — ¢
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to obtain u({) we obtain

2M 2M
WO =S ap(Q) + w0 = ap Q. (63)
i=1 i=1
2M
WO =3 a0iO) + 1)
1211 2M
=-7 + > a;0i(0), (66)
i=1
u() = Za iRi(¢) — —C + u(0)
i=1
L L SR (67)
= ) 4 et i1\ .

Inserting equations (64)—(67) into equation (62) we obtain
| M

M
—Za hi(O) — % + > a;0:(0)

11 i=1

2
+ (—l + ZaiQi(C))(_l - —C + Za iR (C))
4 O 2 i=1
1 1
IS

5 - ; a;R;(¢)

1 1 2M 3
+ (— - ¢ ZaiRi(C)) =
2 4 i=1
(68)

When equation (68) surrenders to the collocation points given
in equation (57) we get

72(1}1(@ - Z+Za QI(CI

2
+(;+zag,@)(__c,@am)

1
o+ G-
441

> ; a;iR;i(¢)

1 1 oM 3
+(_E - LGt E:a[R,v(C,)) =0,1=1,2,....2M. (69)
i=1

Putting the level of resolution J=1—M=2/=
2 —-2M =4 — [ =1, 2, 3, 4, then equation (69) becomes

1< |-
EZ aihi(¢) — 1 + ZaiQi(Q)

2
1
+( i Za Q(C))(—— - —Cz+ ZaR(g, )
i=1
1
o+ Zg‘, - gaiR,-(g,)
o1, & ’
+ (—— - —¢+ ZaiR,«((l)) =0. (70)
2 4 i=1
. . . 1 —-05
Equation (70), at collocation points ¢, = o =
L= 0'5, [=1,2,3,4, leads to a system of unknowns

a;, i =1, 2,3, 4, and by solving this system we get

a; =—0.00279276,
a; =—0.0929915,
a3 = —0.0262158,

as = —0.0656008. (71)

Using equation (71) in equation (67), then the Haar
wavelet solution of equation (62) is

1 1
u(Q) = 5 ZC + aiRi(Q) + a2 R (Q)
1 1
+a3R3(Q) + asR4(C) = 3 ZC
—0.00279276 R;(¢) — 0.0929915 R,(¢)
—0.0262158 R3(¢) — 0.0656008 R4 (). (72)
Hence,
U(x, 7) = u()en*n
ReW¥(x, 1) =
—-0.5 — 0.25(x — %7) — 0.00279276R; | x — %7’
—0.0929915R, [x — %7‘]
—0.026216R; [x — %T:l — 0.0656008R4| x — %T
x cos[6x + 7+ 0.1],
(73)
Im¥(x, 7) =
—0.5 — 0.00279276R, [x — %T:l
1 1
—0.0929915R, [x — 57'] — O.25(x — ET)
—0.02622R; [x — %T:I — 0.065601R, [x — %T:l
x sin[6x + 7 4 0.1]. (74)

4.4. The numerical solution using the HWNS corresponding to
the exact solution derived by GKS (imaginary part)

For the imaginary part equation (12) with the following

6:R:gC:gR:'yR:nR:w:k:1’
—89 1 5
P: — Ve = ——, = ——, 75
16 K 2 4 4 (7%
becomes
., 3, 1 I,
—u"(Q) = () + —u(Q) — —13(O) =0, 76
i © 4u(C) 2M(C) 2M(C) (76)

whose exact solution derived by GKS is equation (28), which
has the following initial conditions
u(0)

— S0 = - )
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The HWNS considers the solution of equation (76) in the
form

oM
u"(¢) = > aihi({). (78)
i=1

By integrating equation (78) twice from 0 — ( we obtain

oM
W' (€)= aip;(¢) + u'(0)

i=1

L
= 1 + Zail’i(f), (79)
i=1
M |
u(@)=>a;0;(Q) — ZC + u(0)
T
=5~ Z€ + ;aiQi(C)- (80)

By substituting from equations (78)—(80) into equation (76)
we get

|2 (] M
Z; a;hi(¢) — Z(—Z + gaiPi(C)]

1

11 m
2(—5 - ZC + gaiQi(OJ

LY DL

2\ 2 4

Satisfying equation (81) at the collocation points given in
equation (57) we get

1% 3( 1 % )
=D aihi(() — —|—— + ) aiP(()
4.3 : 40 4 O :

|

oM 3
G+ Za,-Q,.(g,)) =0,1=1,2,..2M.
i=1

oM 3
¢+ Za,-Qf(C)) =0. 1)
i=1

L
2 4

1
+ —

2M
2 Cz + ZaiQ,’(Cl))
i=1

1

4

(82)

Let the parameter J =1 - M =2/ =2 — 2M = 4 —
=1, 2,3, 4 in equation (82)

S - 2[4 S ar@
41':1 ! 4 4 i=1 :
BN Y Sr e
R i
L +Z4:al.Q.(C) 3:0,1: 1,2,3,4. (83)
2 2 4 1 p NS/
. . . [—05
Equation (83), at collocation points ¢, = W:
[—-05

,1=1,2,3, 4, surrenders to a system of unknowns
a;,i=1,2,3,4, and its solution is

a; =0.0771199,
a; =—0.0397252,
a3 =—0.0172571,

ay = —0.0252802. (84)

14

Then, the Haar wavelet solution of equation (84) is

1 1
u(Q) = 5 ZCﬂL a10,(¢)

+a20,(Q) + a305(Q) + a40,4(0)
7% - i§0.0771199Q1(§) — 0.03972520,(C)
—0.0172571Q5(¢) — 0.02528020,(C).

(85)

QU(x, 7) = u(¢)e™"

ReU(x, 7) =
11
2 4
—0.03972520,(x + 7)
—0.017257105(x + 7) — 0.025280204(x + 7)

(x +7) + 0.07711990,(x + 7)

XCOSI:%X+T+O.1:|, (86)

and
ImU(x, 7) =
_% _ %(x )+ 0.07711990;(x + 7)
—0.039725205(x + 7)

—0.0172571Q5(x 4+ 7) — 0.025280204(x + 7)

XSinI:7%X+T+O.1:|. (87)

4.5. The numerical solution by the HWNS corresponding to the
/

exact solution derived by the (G

G ) -expansion scheme

(real part)

/

According to ( ) the real part of equation (11) with the

following values

R:P:q:gC:gR:fyR:nR:Wzk:L
s_-10 2
27

,'Yc— l

5 (88)

becomes

l " _ i / 2 2 _ l 3 —
Su (©) ™ () — 3u'(Qu () 914(() +u’(Q) =0,
(39)

/

whose exact solution derived by( ) is equation (40), which

has the following initial conditions

L o = !

12 18

The Haar wavelet solution of equation (89) takes the form

u(0) = é W(0) = — (90)

M
uw"(Q) = ) aihi(Q). oD

i=1

To reach u((), we integrate equation (91) three times from
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0—¢

2M
u"(¢) =Y aip;(¢) + u"(0) =

i=1

— + Z aipi(c)a
18 i=1

M |
W)= ai0i() + EC + u'(0)
i=1
1 1

M
DT + EC + ;aiQi(C),

M 1,
u(Q) =Y aiRi({) + gC - E<+ u(0)

i=1

:ngfLC+l+%a‘R'(C)
36 12 6

i=1

Using equations (91)—(94) in equation (89) one can get

| 2m 7 | | M
E; a;ihi(¢) — E(_E + EC"‘ ;aiQi(O]

ER R T N N U
9(36C 12C+ 6+i§_:la,R,(C)]

| | M
- 3(_5 + ﬁ( + ;aiQi(C))

1

1, 1 2M 2
X (3_6< - E<+ 5 + iZ:laiRi(C))

1 oM 3
-+ ZaiRi(C)) =0.
i=1

1 1
+|=¢ - —=(+
(36C 12C 6

Putting the level of resolution J=1— M =2/ =2—
2M =4 — 1 =1, 2, 3, 4, satisfying equation (95) at the

0'5,1: 1,2, 3, 4,

we obtain a system in the unknowns a;, i = 1, 2, 3, 4, and by

1-05 1—

collocation points ¢, = o n

solving this system we find

a; = —0.0250399,
a; = —0.0067265,
a3 = —0.00423359,
ay = —0.00253455.

The Haar wavelet solution of equation (89) is

u(¢) = 31—642 - %c + % + @R (O + arR Q)
+ a3R3(¢) + asR4(C)

N PR U |

N 36< 12C * 6
—0.0250399 R,(¢) — 0.0067265 Ry (C)
— 0.00423359R; (¢) — 0.00253455 Ry (C).

And hence, ¥(x, 7) = u(¢)e"®7), from which we get

Re U(x, 7) =

L2+ L 00250399 R (x + 7)
@ |36 6

—0.0067265 Ry (x + 7) — 0.0042336R;(x + 7)

—0.00253455 R4(x + 1) — %(x +7)
xcos[xf £T+0.1], 98)
27

93)
ImP(x, 7) =

%(x + )2+ é — 0.0250399 R, (x + 7)
—0.0067265 Ry (x + 7) — 0.00423359R3(x + T)

(94) —0.00253455 Ry(x + 1) — %()C + 7)

X sin[x— QT-{-O.]:I. 99)
27

4.6. The numerical solution by the HWNS corresponding to the
/

exact solution derived by the <G

G ) -expansion scheme

(imaginary part)

The imaginary part equation (12) with the following

6:R:gR:’YL':,}/R:nR:W:k:P:q:1’
_n
gc 2’

(100)

95)
is reduced to

%u”(g“) - %u(@ ~ 530 = 0, (101)

!/
whose exact solution derived by (%) is equation (47), which

has the following initial conditions
u(0) = iv2, u'(0) = 0. (102)

The HWNS considers the solution of equation (101) in the

96) form
2M
W) = 3 ahi(©). (103)
i=1
By integrating equation (103) twice from 0 — ( to obtain
u(6)
oM oM
W'(Q) =) aip(Q) + ' 0) =) aip(0), (104)
i=1 i=1
2M M
©O7 Q=3 a0i(Q) +u0) =iV2 + 37 a0i(Q). (105

i=1 i=1

Inserting equations (103)—(105) into equation (101) we get

15
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Reyws ¥
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Figure 16. The numerical solution behavior to equation (86) with values given in equation (75).

Imgws ¥

Figure 17. The numerical solution behavior to equation (87) with values given in equation (75).

52M 5 M Then the Haar wavelet solution of equation (110) is:
EZ aihi(¢) — > iN2 + > 00
i=1

i=1

3 w(0) = iVZ + 0.175656i01[C] — 2.84584i0[(]

2M . .

B s(iﬁ N ZaiQi(C)) o (106) — 1.23671i05[C] — 1.074i04[C]. (108)
i=1

And hence, U(x, 7) = u(¢)e"™", from which we get

. . e ReW(x, 7) =
Taking the level of resolution J = 1, satisfying equa-

tion (106) at the collocation points ( = [-05_ _ V2 + 0.175656Q;[x + 7] — 2.84584Q;[x + 7]

! o p 'S Tom —1.236710;[x + 7] — 1.074Q4[x + 7]

L= 0'5, [=1,2,3,4, a system in the unknowns x sin[x + 7 + 0.1],

a;, i =1, 2,3, 4 is obtained. Solving this system, we get (109)
ar = 0.175656i, tm¥lr, 7) =
a4y — —2.84584i, (JE + 0.17565604[x + 7] — 2.845840, [x + T])
az = —1.23671i, —1.2367105[x + 7] — 1.07404[x + 7]
as = —1.074i. (107) x cos[x + 7 + 0.1]. (110)

16
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Figure 18. The 2D and 3D soliton HWN solution behavior of |¥| equations (86) or (87).
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Figure 19. The numerical solution behavior to the Re. part of equation (98) with values R
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Figure 20. The numerical solution behavior to the Im. part of equation (99) with values R
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Figure 22. The numerical solution behavior to the Re. part of equation (109) with values = R =gg = . = =m=w=k=P =g =1,
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Figure 23. The numerical solution behavior to the Im. part of equation (110) with values § =R =gz =Y, = j=nmg=w =k =P =
11
=1,g =—.
q 8 2

18



Commun. Theor. Phys. 77 (2025) 035004

E H M Zahran et al

5. Conclusion

In this paper, we succeeded in deriving diverse enormous
soliton solutions to the Gross—Pitaevskii equation, which
describes the dynamics of two dark solitons in a polarization
condensate under non-resonant pumping, analytically for the
first time using the generalized Kudryashov method and the
(G’/G)-method. The extracted solutions in the framework of
these two suggested schemes appear in forms that include
dark, bright, combined bright-shaped and dark-shaped soli-
ton solutions, hyperbolic function soliton solutions, singular
shaped soliton solutions and other rational soliton solutions.
Moreover, the Haar wavelet numerical method, which is one
of the famous techniques in numerical methods, has been
utilized to explore the numerical solutions for all realized
soliton solutions by the above two techniques. The 2D and
3D graphs have been designed utilizing the Mathematica
program and the figures simulations have been configured to
show the agreement range between the soliton solutions and
the numerical solutions, which corresponded perfectly in
figures [1-23]. Our results are new compared with [22] who
used the variational approach and analytically derived the
time evolution equations for the soliton parameters and
presented the first analytical result on the two-dark soliton
problem in the context of a polarization Bose—Einstein
Condensates formed under non-resonant pumping by sol-
ving the dissipative Gross—Pitaevskii equation that compares
this analytical result with the numerical solutions for the
trajectory of two solitons directly obtained from the dis-
sipative Gross—Pitaevskii equation. Our realized analytical
solutions and their corresponding numerical solutions have
not been achieved before.
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